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$L$-functions for generic cusp forms on $GSp(2)\cross GL(2)$
(Tomonori Moriyama)
50. Introduction
, 2 Siegel $F$ $\varphi$ 8




, M. Novodvorsky [No] 1970 degree 8L-
, $GSp(2, \mathrm{R})$
$GL$ (2, R) Whittaker (= )
, 10 $GSp(2, \mathrm{R})$ Whittaker
([O], [M-O],[M0-1], [Is], [Is-Mo])
, [MO-1] :[M0-3]
,
, D. Soudry [S0-2] Whittaker ,
$SO_{2l+1}\cross GLn$ s-
, degree 8L-
( , [S0-2] $SO_{5}\cross GL_{2}$
) , , $L$- possible poles
, Whittaker ( , )
, Novodvorsky ,
, M. Furusawa [Fu] B. Heim [H]
$\langle$ ([B-H] )
:\S 1 , \S 2, 3 Novodvorsky
$GL$ (2) Eisenstein \S 4 ,
\S 2,3 , \S 4
,
1(H\sim )
$k$ , $v$ k $k_{v}$ $\mathrm{D}_{v}$
$\mathfrak{P}_{v}=(\varpi_{v})$ , $q_{v}:=\#(\mathrm{O}_{v}/\mathfrak{P}_{v})$ $k$ $\mathrm{A}_{k}$
$\psi$ : $\mathrm{A}_{k}arrow \mathrm{C}^{(1)}$
$\psi(x):=\mathrm{e}_{\mathrm{A}}(\mathrm{t}\mathrm{r}(x))$ , $x\in \mathrm{A}_{k}$ ,
, $v$ $j$ $k_{v}$ $\psi_{v}$ $\psi$
$k_{v}$ Haar $\mu_{v}$ $\psi_{v}$ self-dual , $k_{v}\cong \mathrm{R}$
1398 2004 22-39
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, $\psi_{v}(x_{v})=\mathrm{e}\psi(2\pi\sqrt$-lx\leftrightarrow , \mu Lebesgue , $k_{v}\cong \mathrm{C}$ ( ,
$\psi_{v}(x_{v})=\exp(2\pi\sqrt{-1}(x_{v}+\overline{x}_{v}))$ , $\mu_{v}=|dx_{v}\Lambda d\overline{x}_{v}|=2dx_{v}’\Lambda dx_{v}’’(x_{v}=x_{v}’+\sqrt{-1}x_{v}’’)$
$v$ , $\mu_{v}(\mathrm{O}_{v})=q_{v}^{-d_{v}/2}$ (dv $:=\psi_{v}$ order$=k_{v}/\mathrm{Q}_{p}$ differental
exponent) , $k_{v}^{\mathrm{x}}$ Haar , $d^{\cross}t:=(1-q_{v}^{-1})^{-1} \frac{dt}{|t|_{v}}$ ,
$d^{\cross}t:= \frac{dt}{|t|_{v}}$
2( )
$\mathrm{G}$ $k$ similitude 2 simplectic :
$\mathrm{G}=GSp(2):=$ {$g\in GL($4)|tg $J_{4}g=\nu(g)J_{4}$ for some $\nu(g)\in \mathrm{G}_{m}$ }, $J_{4}=(\begin{array}{ll}0_{2} 1_{2}-1_{2} 0_{2}\end{array})$
$\mathrm{G}$ $\mathrm{Z}:=\{z1_{4}\in G|z\in \mathrm{G}_{m}\}$ $\mathrm{G}$
, $\mathrm{H}:=\{h=(h_{1}, h_{2})\in GL(2)\cross GL(2)|\det(h_{1})=\det(h_{2})\}$ :
$\mathrm{H}\ni h=(h_{1}, h_{2})\vdasharrow(\begin{array}{llll}a_{1} b_{1} a_{2} b_{2}c_{1} c_{2} d_{1} d_{2}\end{array})\in \mathrm{G}$, $h_{i}=(\begin{array}{ll}a_{i} b_{i}c_{i} d_{i}\end{array})$ ,
$\mathrm{G}$ $\mathrm{G}$ $\mathrm{N}$ $\mathrm{H}$
$\mathrm{N}^{\mathrm{H}}$
$\mathrm{N}^{\mathrm{H}}:=\mathrm{N}\cap \mathrm{H}$
$\mathrm{N}:=\{n(x_{0}, x_{1}, x_{2}, x_{3}):=(\begin{array}{llll}1 x_{1} x_{2} 1 x_{2} x_{3} \mathrm{l} 1\end{array})$ $(\begin{array}{llll}1 x_{0} 1 1 -x_{0} 1\end{array})\in \mathrm{G}\}$ :
$GL$ (2) $\mathrm{B}’,\mathrm{Q},$ $\mathrm{N}’$
$\mathrm{B}’:=$ $\{(_{0}^{*} **)\in GL(2)\}$ , $\mathrm{Q}:=\{(\begin{array}{ll}* *0 1\end{array})\in GL(2)\}$ , $\mathrm{N}’:=\{(\begin{array}{l}1*01\end{array})\in GL(2)\}$
$GL$ (2)A, $K’$ ,
$K’= \prod_{v}K_{v}’=.\prod_{v\cdot real}O(2)\cross\prod_{v:\mathrm{c}omplex}U(2)\mathrm{x}\prod_{v<\infty}GL(2,5\supset_{v})$
\S 1.
, $k=\mathrm{Q}$ ( )
(1.1) .
$\Pi=\otimes’\Pi_{v},$ $\sigma=\otimes’\sigma_{v}$ G4 $GL$(2)A, ,
:
1. $\Pi$ Whittaker
1 , $\infty$ Whittaker ,
$\mathrm{K}\mathrm{o}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}/\mathrm{V}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{n}$ $\mathrm{G}_{\mathrm{R}}$ bijective 4
, , :
2. $\Pi_{\infty}|_{Sp(2,\mathrm{R})}$ $Sp(2, \mathrm{R})$ 2 (limits of) large discrete seires $D(\lambda_{1},\lambda_{2})$ $D(-\lambda_{2},-\lambda_{1})$
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(1–\lambda 1\leq \lambda 2\leq O)
, $D_{(\lambda_{1},\lambda_{2})}$ K- $(\lambda_{1}, \lambda 2)$ (limits of)
large discrete series representation ( , [O], [M0-2], [M0-4] ) $\text{ }$ ,
$GL$ (2) $\sigma$ Whittaker , $\sigma_{\infty}$ 2
:
(i) $\sigma_{\infty}|_{SL(2,\mathrm{R})}=D_{l}\oplus D_{-l},$ $\sigma_{\infty}(z_{\infty})=z_{\infty}^{c_{\infty}’’}$ . \leftarrow \rightarrow $\sigma_{\infty}$ $D_{l}[c_{\infty}’’]$
, $D_{l}$ SO(2)-type $l\in$ $\{\pm 1, \pm 2, \cdots\}$
(ii) $\sigma_{\infty}$ :
$x_{\infty}=\mathrm{I}\mathrm{n}\mathrm{d}_{\mathrm{B}_{\mathrm{R}}}^{GL(2)_{\mathrm{R}}}$, $(\begin{array}{ll}b_{1} *0 b_{2}\end{array})\vdash+|$b1b$2|$ cp/2 $\epsilon_{1}(b_{1})\epsilon_{2}(b_{2})|b_{1}/b_{2}|(v+$ 1)/2), ${\rm Re}(\nu)\geq 0$ .
, $\epsilon_{i}$ : $\mathrm{R}^{\mathrm{x}}arrow \mathrm{R}^{\mathrm{x}}/\mathrm{R}_{>0}arrow\{\pm 1\}$ , $\mathrm{I}\mathrm{n}\mathrm{d}_{\mathrm{B}_{\acute{\mathrm{R}}}}^{GL(2)_{\mathrm{R}}}(\epsilon_{1}, \epsilon 2;c_{\infty}’’, \nu)$
, $(\Pi_{\infty}, \sigma\infty)$ , :
2 , 1 2
, 3 $\mathrm{I}$ (” spherical case”) [Ni]
(1.2) & .
$\Pi,$ $\sigma$ , $\omega_{\Pi}$ , \mbox{\boldmath $\omega$} ,
,
. $\omega_{\Pi}$ \mbox{\boldmath $\omega$} , $\omega_{\Pi}\cdot\omega_{\sigma}=|1|^{\rho},$ $\rho\in\sqrt{-1}\mathrm{R}$ , $\rho=0$
, $v=p$ , - 3.3 L-
$L$ (s, $\Pi_{p}\mathrm{x}\sigma_{p}$ ) $\epsilon$- $\epsilon$ ( $s,$ $\Pi_{v}\cross\sigma_{v},$ $\psi$v) ,
, 8 , $v=\infty$ , $\Pi_{\infty},$ $\sigma$\infty
Langlands parameter $L$ (s, $\Pi_{\infty}\cross\sigma_{\infty}$ ) $\epsilon(s, \Pi_{\infty}\cross\sigma_{\infty}, \psi\infty)$ (
(4.2) ) , degree 8 $L$- \epsilon -
$L(s, \Pi\cross\sigma):=\prod_{v}L(s, \Pi_{v}\cross\sigma_{v})$ , $\epsilon(s, \Pi \mathrm{x}\sigma):=\prod_{v}\epsilon(s, \Pi_{v}\cross\sigma_{v}, \psi_{v})$
,
$:=\{\tilde{F}|F\in\Pi\}$ , $\tilde{F}(g)=\omega_{\Pi}(\nu(g))^{-1}F(g)$
$\sigma^{\vee}:=\{\tilde{\varphi}|\varphi\in\sigma\}$ , $\tilde{\sigma}(h)=\omega_{\sigma}$ (det(h)) $-1\varphi$ (h)
, , $\sigma$ , $\Pi^{\vee}$ 1, 2
$L$ ( $s$ , $\cross\sigma^{\vee}$ )
$:= \prod_{v}L(s, \Pi_{v}^{\vee}\cross\sigma_{v}^{\vee})$
, :
LL 1,2 , :
(i) $L$ (s, $\Pi \mathrm{x}\sigma$) $s$ - ,
$L(s, \Pi \mathrm{x}\sigma)=\epsilon$(s, $\Pi \mathrm{x}\sigma$ ) $\cross$ L(1-s, $\Pi^{\vee}\mathrm{x}\sigma^{\vee}$ )
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(ii) $\omega\neq 1$ , $L$ ( s, $\Pi\cross\sigma$ ) , $\omega=1$ $s=0,1$
pole holomorphic
$\star$ :(i)Gamma $L$ ( s, $\Pi_{\infty}\cross\sigma_{\infty}$ ), $\epsilon$- $\epsilon(s, \Pi_{\infty}\cross\sigma_{\infty}, \psi\infty)$
( Gamma , )
, [M0-3, 1.1, p.177] , $L_{\infty}(s, F\cross\varphi)$
$L_{\infty}(s, F\cross\varphi)$
$= \Gamma_{\mathrm{C}}(s+\frac{-\lambda_{2}}{2})\Gamma_{\mathrm{C}}(s+\frac{-\lambda_{2}}{2})\Gamma_{\mathrm{C}}(s+\frac{2\lambda_{1}+\lambda_{2}-2}{2})\Gamma_{\mathrm{C}}(s+\frac{2\lambda_{1}-\lambda_{2}-2}{2})$
, [M0-3, p.178] $f_{\infty}$ $\Gamma_{\mathrm{R}}(2s+\lambda_{2})$ $\Gamma_{\mathrm{R}}(2s-\lambda_{2})$
(ii) \S 4 , $L$ (s, $\Pi\cross\sigma$) $s=0,1$ pole
,
52. Eisenstein Series on $\mathrm{G}\mathrm{L}(2)$
$GL$ (2) Eisensetin Series .’ ([J])
(2.1) Induced representation(local).
$k_{v}^{\mathrm{x}}$ $\xi_{i}$ : $k_{v}^{\cross}arrow \mathrm{C}^{(1)}$ $(i=1,2)$ ,
$\chi$1 $(x)=\chi$10, $x$ ) $:=\xi$1 $(x)|x|^{s}$ , $\chi$2 $(x)=\chi$20, $x$ ) $:=\xi$2 $(x)|x|^{-s}$ , $s\in \mathrm{C}$ , $i=1,2$ ,
$I($ \chi 1, $\chi_{2})$
$I(\chi_{1}, \chi_{2}):=\{f$ : $GL(2)_{k_{v}}arrow \mathrm{C}|f((\begin{array}{ll}b_{1} *0 b_{2}\end{array})h_{1})=\chi_{1}(b_{1})\chi_{2}(b_{2})f(h_{1})$,
$\forall(\begin{array}{ll}b_{1} *0 b_{2}\end{array})\in \mathrm{B}_{k_{v}}’,$ $\forall h_{1}\in GL(2)_{k_{v}}\}$
$\mathrm{C}$ ( )
$I(\xi_{1}, \xi 2;s):=\mathrm{u}_{s\in \mathrm{C}}I(\xi_{1}| |^{s}, \xi 2|. |^{-s})arrow \mathrm{C}$ ,
2.1 (standard section). (i) $f$ : $\mathrm{C}\cross GL$ (2) $k_{v}arrow \mathrm{C}$ $I(\xi 1, \xi_{2};s)$ standard
section , 2 :
(a) $s\in \mathrm{C}$ ,
$GL(2)_{k_{v}}\ni h_{1}$ -$ $f(s, h_{1})\in \mathrm{C}$
$I$ (\mbox{\boldmath $\xi$}1| $\mathrm{t}|$ s, $\xi_{2}|(|^{-s})$
(b) $K_{v}\ni k\}arrow f$ (s, $k$ ) $\in \mathrm{C}$ $s\in \mathrm{C}$ Kv-
stand $\mathrm{d}$ section , $\mathrm{I}^{std}(\xi 1, \xi_{2};s)$
(ii) $f$ : $\mathrm{C}\cross GL$(2)k. $arrow \mathrm{C}\mathrm{U}$ {\otimes } , stnadard section $f_{i}\in \mathrm{I}^{std}(\xi 1, \xi_{2};s)$
,
$f(s, h_{1})= \sum_{i}a_{i}(s)f_{i}(s, h_{1})$ , $a_{i}(s)l\mathrm{h}$ holomorphic (resp. meromorphic)
, $I(\xi 1, \xi_{2:}s)$ holomorphic (resp. meromorphic) section $\mathrm{A}$
$\text{ }$ , , $f$ , $f$ : $\mathrm{C}\cross GL$(2) $k_{v}arrow \mathrm{C}$
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, $\underline{\mathrm{J}\mathrm{a}\mathrm{c}\mathrm{q}\mathrm{u}\mathrm{e}\mathrm{t}}$section : $v$
, $k_{v}^{2}$ Schwarz
$S(k_{v}^{2}):=$ { $\Phi:$ $k_{v}^{2}arrow \mathrm{C}|$ , },
$\Phi\in S(k_{v}^{2})$ ,
$f_{\Phi}(h_{1}):=\xi_{1}(\det(h_{1}))\cross|$ det(h$1$ ) $|^{s} \cross\int_{k_{v}^{\mathrm{x}}}\Phi((0, t)h_{1})(\xi_{1}\cdot\xi_{2}^{-1})$(t) $|]2sd\cross t$
$\langle$
2.2. $f_{\Phi}(h)$ , ${\rm Re}(s)>0$ ,
, $\xi_{1}\cdot\xi_{2}^{-1}=|(|^{\lambda}$
$s \in-\frac{\lambda}{2}+\frac{\pi\sqrt{-1}\mathrm{Z}}{1\mathrm{o}\mathrm{g}q_{v}}$
simple pole , Jacquet
section
, Jacquet section $k_{v}\cong \mathrm{R}$ ,
$S(k_{v}^{2}, \psi_{v}):=\{p(x, y)\exp(-\pi(x^{2}+y^{2}))|p\in \mathrm{C}[X, \mathrm{Y}]\}$
, $k_{v}\cong \mathrm{C}$ ,
$S(k_{v}^{2}, \psi_{v}):=$ {$p(x,\overline{X}_{)}y,\overline{y}$) $\exp(-\pi(x\overline{x}+y\overline{y}))|p\in \mathrm{C}[X_{1},$ $X_{2},$ $Y_{1}$ , Y2]}
$\Phi\in S$ ( $k_{v}^{2},$ $\psi$v) , $GL$(2)k. $f_{\Phi}$ ( $s,$ $h$1,v)
2.3. $v$ , $\Phi\in S$ ( $k_{v}^{2},$ $\psi$v) , $f_{\Phi}(s, h1)$ , ${\rm Re}(s)>0$
, Jacquet section
, , Jacquet , $\mathrm{I}^{holo}(\xi_{1}, \xi 2;s),$ $\mathrm{I}^{m\mathrm{e}ro}($\mbox{\boldmath $\xi$}1, $\xi_{2}$ ; $s)$ ,
$\mathrm{I}^{J}(\xi 1, \xi_{2};s)$
(2.2) Intertwining operators (local).
$f$ (s, $h$ ) $\in \mathrm{I}^{std}(\xi_{1}, \xi 2;s)$ ,
$Mf(s, h_{1}):= \int_{k_{v}}f(s, w_{0}(\begin{array}{ll}\mathrm{l} x0 \mathrm{l}\end{array})h_{1})dx$, $w_{0}:=(\begin{array}{ll}0 1-1 0\end{array}),$
$\langle$
2.4. $f$ (s, $h_{1}$ ) $\in \mathrm{I}^{std}($\mbox{\boldmath $\xi$}1, $\xi_{2}$ ; $s)$ standard section
(i) ${\rm Re}(s)>1/2$ $s\in \mathrm{C}$ , $Mf$(s, $h$) $I(\xi_{2}|\cdot|^{1-s},\xi_{1}|\cdot|^{-(1-s)})$ E
(ii) h\in GL(2)k ,
$\{s\in \mathrm{C}|{\rm Re}(s)>1/2\}\ni s\vdasharrow Mf(s, h_{1})\in \mathrm{C}$
s-
(iii)
$Mf$ : $\mathrm{C}\cross GL(2)_{k_{v}}arrow \mathrm{C}$
$I(\xi_{2}, \xi 1;1-s)$
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$f$ (s, $h_{1}$ ) $= \sum_{i}a_{i}$ ( s) $f_{i}$ ( s, $h_{1}$ ) , $Mf$ (s, $h_{1}$ ) $:= \sum_{i}a_{i}$ (s)[Mfi](s, $h_{1}$ )
, :
$M$ : $\mathrm{I}^{mero}(\xi_{1}, \xi 2; s)arrow \mathrm{I}^{mero}(\xi_{2}, \xi 1;1-s)$.
, $f\in \mathrm{I}^{std}(\xi_{2}, \xi 1;1-s)$
$\overline{M}f(s, h_{1}):=\int_{k_{v}}f(s, w_{0}(\begin{array}{ll}1 x0 1\end{array})h_{1})dx$
${\rm Re}(s)<1/2$ ,
$M$ : $\mathrm{I}^{mer\mathrm{o}}(\xi_{2}, \xi 1;1-s)arrow \mathrm{I}^{mero}(\xi_{1}, \xi 2; s)$
2.5( ). (i) $L(2s-1, \xi_{1}\xi_{2}^{-1})^{-1}M$ holomorphic. , $f\in$
$\mathrm{I}^{holo}(\xi 1, \xi_{2};s)$ $\mathrm{I}^{holo}(\xi 2, \xi_{1}; 1-s)$
(ii) :
$\overline{M}\circ M=\epsilon’$ (1-2s, $\xi$2 $\xi_{1}^{-1}$ , $\psi_{v}$ ) $-1\cross\epsilon’(2s-1, \xi_{1}|\xi_{2}^{-1}, \psi_{v})^{-1}\cross \mathrm{i}\mathrm{d}$.
, $\epsilon’(s, \xi, \psi_{v}):=\epsilon(s, \xi, \psi_{v})\cross\frac{L(1-s}{L(s,\xi}$
,
$\xi^{-1}))$ ($GL$(y \epsilon ’- )
(iii) $v$ $\xi_{1},$ $\xi_{2}$ , $\psi_{v}$
$(i.e. d_{v}=0)$ $f^{0}$ $f^{\tilde{0}}$ $I($ \mbox{\boldmath $\xi$}1, $\xi_{2}$ ; $s)$ $I(\xi 2, \xi_{1}; 1-s)$





2.6 ( $[\mathrm{J}$ , page 14-15]). $v$ (resp, ) $\Phi\in S(k_{v}^{2})$ (resp.





(2.1) $[Mf_{\Phi}](s, h_{1})=(\xi_{1}\cdot\xi_{2}^{-1})(-1)\cross\epsilon’(2s-1, \xi_{1}|\xi_{2}^{-1}, \psi_{v})^{-1}\cross\tilde{f}_{\hat{\Phi}}(s, h_{1})$ .
. (i) $v$ (iii) $\Phi^{\text{ }}:=\mathfrak{O}\mathrm{S}^{2}$ ,
$f_{\Phi^{\mathrm{O}}}(s, k_{v})=L(2s, \xi_{1} . \xi_{2}^{-1})=[1-\xi_{1}\cdot\xi_{2}^{-1}(\varpi_{v})q_{v}^{-2s}]^{-1}$
$\hat{\Phi}^{\text{ }}=\Phi^{\text{ }}$ ,
$Mf_{\Phi^{\mathrm{o}}}= \frac{L(2s-1,\xi_{1}\mathrm{J}\xi_{2}^{-1})}{L(2-2s,\xi_{2}\cdot\xi_{1}^{-1})}\cross\tilde{f_{\Phi^{\mathrm{O}}}}$
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(ii) $k_{v}\cong \mathrm{R}$ , $\mathrm{I}^{J}(1, \omega^{-1}; s)$ $\Phi\in S$ ( $k_{v}^{2},$ $\psi$v) { $\Phi_{m}($x, $y)|m\in \mathrm{Z}$ }
:
$\Phi_{m}$ (x, $y$ ) $:=\{$
$(-x\sqrt{-1}+y)^{m}\exp(-\pi(x^{2}+y^{2}))$ if $m\geq 0$
$(x\sqrt{-1}+y)^{-m}\exp(-\pi(x^{2}+y^{2}))$ if $m\leq 0$ .
Fourier , $\hat{\Phi}_{m}=\Phi_{m}(m\geq 0),\hat{\Phi}_{m}=(-1)^{m}\Phi_{m}(m\leq 0)$ $f_{\Phi_{m}}$ (s, $h_{1}$ )
SO(2) ,
$f_{\Phi_{m}}(s, (\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}\theta \mathrm{s}\mathrm{i}\mathrm{n}\theta-\mathrm{s}\mathrm{i}\mathrm{n}\theta \mathrm{c}\mathrm{o}\mathrm{s}\theta\end{array}))=e^{\sqrt{-1}m\theta}\cross\Gamma_{\mathrm{R}}$($2s+|$m$|+c\infty$ ) $\cross\delta($ [(-1)$m=\omega$(-1)] $)$
, 2.6
(2.3) Eisensetin series.
$\omega:=\omega_{1}$ .\mbox{\boldmath $\omega$} $\xi_{1}=1,$ $\xi_{2}=\omega^{-1}$ $f\in \mathrm{I}^{std}($L $\omega^{-1}$ ; $s)$ ,
$E(h_{1}, s;f):=$ $\sum$ $f(s, \gamma h_{1})$
$\gamma\in \mathrm{B}_{\acute{k}}\backslash GL(2)_{k}$
, ${\rm Re}(s)>1$ , $GL$(2)A,
, $h \in GL(2\bigwedge_{k}$ , $\mathrm{C}$
, $h_{1}\in GL$(2) $\mathrm{A}_{k}$ , $\mathrm{C}$





$Mf= \sum_{i}b_{i}(s)f_{i}$ , $f_{i}\in \mathrm{I}^{std}(\xi_{2},\xi 1; 1-s)$
,
$E(h_{1}, s;Mf):= \sum_{i}b_{i}(s)E(h_{1}, s;f_{i})$
(${\rm Re}(s)\ll 0$ )
$\circ$ $\circ$
2.7(e [J-S lemma 4.2]). (i) $f\in \mathrm{I}^{mero}(\xi 1, \xi_{2}, s)$ , :
$E(h_{1}, s;f)=E(h_{1}, s;Mf)$ .
, , $\Phi\in S(\mathrm{A}_{k}^{2}, \psi)$ , :
$E(h_{1}, S_{1}^{\cdot}f_{\Phi})=E(h_{1}, s;\tilde{f}_{\hat{\Phi}})$
(ii) $E$ (h1, $s;f+$ ) , $\omega\neq 1$
(iii) $\omega=1$ , $c>0$ ,
$E(h_{1}, s;f_{\Phi})= \frac{c|\det(h_{1})|^{s-1}\hat{\Phi}(0)}{s-1}-\frac{c|\det(h_{1})|^{-s}\Phi(0)}{s}+R(h_{1}, s)$
, $R$(h1, $s$ ) , $h_{1}$ , $s$
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(2.4) .
Jacquet $\mathrm{I}^{J}(1, \omega^{-1}; s)$ { $f_{\Phi_{[mathring]_{v}}}|v$ : }
$\mathrm{I}^{J}(1, \omega^{-1} ; s):=\otimes_{v}’\mathrm{I}^{J}(1, \omega_{v}^{-1}; s)$
$M$ : $\mathrm{I}^{J}(1\underline{\omega}^{-1}, ; s)arrow \mathrm{I}^{J}(\omega^{-1},1-$; $1$ -\rightarrow $\overline{M}:\mathrm{I}^{J}(\omega^{-1},1$ ; $1-$
$s)arrow \mathrm{I}^{J}(1, \omega^{-1}; s)$ $M:=\otimes’M_{v}$ $M:=\otimes’M_{v}$ : 2.7
, $M_{v}^{*}$ $\overline{M}_{v}^{*}$
$M_{v}^{*}=\omega_{v}(-1)\epsilon’(2s-1, \xi_{1,v}\cdot\xi_{2,v}^{-1}, \psi_{v})M_{v}$ : $\mathrm{I}^{J}(1, \omega_{v}^{-1};s)arrow \mathrm{I}^{J}(\omega_{v}^{-1},1;1-s)$
$\overline{M}_{v}^{*}=\omega_{v}(-1)\epsilon’(1-2s, \xi_{2,v}\cdot\xi_{1,v}^{-1}, \psi_{v})\overline{M_{v}}$ : $\mathrm{I}^{J}(\omega_{v}^{-1},1;1-s)arrow \mathrm{I}^{J}(1, \omega_{v}^{-1}; s)$ ,
, , Mv*f\Phi $\circ$ =f-\Phi ,
,
$M=\otimes_{v}’M_{v}^{*}$ , $\overline{M}=\otimes_{v}’\overline{M_{v}}^{*}$ .
\S 3. Basic identity
, - Basic identity ( , [SO-1],
[Bu] $)$
(3.1) Zeta integrals (global)
$\Pi,$ $\sigma$ GA $GL$(2)Ak $f\in \mathrm{I}^{mero}(1, \omega^{-1};s)$ ,
(2.3) , Eisensetein series $E$ (h1, $s;f$) $(F, \varphi)\in\Pi\cross\sigma$
, $Z$ (s, $F\otimes\varphi,$ $f$) $\tilde{Z}(s, F\otimes\varphi, f)$
$Z(s, F \otimes\varphi, f):=\int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{H}_{k}\backslash \mathrm{H}_{\mathrm{A}_{k}}}F(h)\varphi(h_{2})E(h_{1}, s;f)dh$ ,
$\tilde{Z}$(s, $F\otimes\varphi,$ $f$) $:= \int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{H}_{k}\backslash \mathrm{H}_{\mathrm{A}_{k}}}F(h)\varphi(h_{2})E(h_{1}, s;Mf)dh$
$= \int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{H}_{k}\backslash \mathrm{H}_{\mathrm{A}_{k}}}\tilde{F}$(h) $\tilde{\varphi}$(h$2$ ) $\omega$(det(h1))E(hb $s;Mf$) $dh$
,
3.1. }i) , Eisensetin series , $s\in \mathrm{C}$
(ii)
$\tilde{Z}(s, F\otimes\varphi, f)=Z(s, F\otimes\varphi, f)$ .
(iii) $Z$ (s, $F\otimes\varphi,$ $f$\Phi ) $\omega\neq 1$
(iv) $Z$ (s, $F\otimes\varphi,$ $f$+) $\omega=1$ , $s=0,1$ ,
:
${\rm Res}_{s=1}Z(s, F \otimes\varphi, f)=c\mathrm{x}\hat{\Phi}(0)\cross\int_{\mathrm{Z}_{\mathrm{A}}\mathrm{H}_{\mathrm{Q}}\backslash \mathrm{H}_{\mathrm{A}}}F(h)\varphi(h_{2})dh$ ;
${\rm Res}_{s=0}Z(s, F\otimes\varphi, f)=-c$ $\cross\Phi$ (0) $\cross\int_{\mathrm{Z}_{\mathrm{A}}\mathrm{H}_{\mathrm{Q}}\backslash \mathrm{H}_{\mathrm{A}}}F(h)\varphi(h_{2})dh$.
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(3.2) Whittaker Basic identity.
$\mathrm{N}_{\mathrm{A}_{k}}$
$\psi_{\mathrm{N}}$ : $\mathrm{N}_{\mathrm{A}_{k}}arrow \mathrm{C}^{(1)}$
$\psi$N $(n(x_{0}, x_{1}, x_{2}, x_{3}))=\psi$ (-X0-X3) $\in \mathrm{C}^{(1)}$ ,
$F$ Whittaker
$\mathcal{W}$F(g) $:= \int_{\mathrm{N}_{k}\backslash \mathrm{N}_{\mathrm{A}_{k}}}F(ng)\psi_{\mathrm{N}}(n^{-1})dn$, $g\in \mathrm{G}_{\mathrm{A}_{k}}$ ,
$\varphi$ Whittaker
$\mathcal{W}$,(h2) $:= \int_{k\backslash \mathrm{A}_{k}}\varphi$(G $x1$) $h_{2})\psi(-x)dx$ , $h_{2}\in GL(2)_{\mathrm{A}_{k}}$ ,
Eisenstein unfold :
3.2(Basic identity, cf. [Bl, \S 3]). $v$ ,
$Z^{(v)}$ ( $s,$ $\mathcal{W}_{F}^{(v)},$ $\mathcal{W}_{\varphi}^{(v)},$ $f$ (v)) ${\rm Re}(s)\gg 0$
(i)
(3.2) $\int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{N}_{\mathrm{A}_{k}}^{\mathrm{H}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}\mathcal{W}_{F}(h)\mathcal{W}_{\varphi}(h_{2})f(s, h_{1})dh$,
${\rm Re}(s)>3$ ($f$ ) , $Z$ (s, $F\otimes\varphi,$ $f$)
(ii)
(3.3) $\int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{N}_{\mathrm{A}_{k}}^{\mathrm{H}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}\mathcal{W}_{F}(h)\mathcal{W}_{\varphi}(h_{2})Mf(s, h_{1})dh$ ,
${\rm Re}(s)<-1$ ($Mf$ ) , $\tilde{Z}(s, F\otimes\varphi, f)$
, $F$ $\varphi$ decomposable , Whitatker $\mathcal{W}_{F}$
$\mathcal{W}_{\varphi}$
$\mathcal{W}F(g)=\prod_{v}\mathcal{W}_{F}^{(v})(g_{v})$ , for $g=(g_{v})\in \mathrm{G}_{\mathrm{A}_{k}}$ ,
$\mathcal{W}$,(h$2$ ) $= \prod_{v}\mathcal{W}_{\varphi}^{(v})$ (h$2$ ,$v$ ), for $h_{2}=(h_{2,v})\in GL(2)_{\mathrm{A}_{k}}$ .
Whittaker
: Whittaker $\mathcal{W}_{F}^{(v)}$ $\mathcal{W}_{\varphi}^{(v)}(h_{2,v})$ $v$ $\sigma_{v}$ Whittaker
, $\mathrm{W}\mathrm{h}$ ( $\Pi_{v},$ $\psi$v), $\mathrm{W}\mathrm{h}$ ( $\sigma_{v},$ $\psi$v)
, $f\in \mathrm{I}^{mero}(1,\omega^{-1}; s)$
$f(s, h_{1})= \prod_{v}f^{(v)}(s, h_{1,v})$ , $f^{(v)}\in \mathrm{I}^{J}(1, \omega_{v}^{-1}; s)$
decomposable , Basic identity ,
(i) $Z(s, F \otimes\varphi, f)=\prod_{v}Z^{(v)}(s, \mathrm{y}\mathrm{F}^{)}, \mathcal{W}_{\varphi}^{(v)}, f)$ ,
$Z^{(v)}(s, \mathrm{y}\mathrm{F}),$ $\mathcal{V}_{\varphi}^{(v)},$
$f^{(v)}):= \int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{N}_{\mathrm{A}_{k}}^{\mathrm{H}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}\mathrm{y}\mathrm{p})(h_{v})\mathcal{W}_{\varphi}^{(v)}(h_{2,v})f^{(v)}(s, h_{1,v})dh_{v}$;
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(ii) $\tilde{Z}$ (s, $F\otimes\varphi,$ $f$) $= \prod_{v}Z^{(v)}(s, \mathcal{W}_{F}^{(v)}, \mathcal{W}_{\varphi}^{(v)}, f)$ ,
$\overline{Z}^{(v})(s, \mathcal{W}_{F}^{(v)}, \mathcal{W}_{\varphi}^{(v)}, f^{(v)}):=\int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{N}_{\mathrm{A}_{k}}^{\mathrm{H}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}\mathcal{W}_{F}^{(v)}(h_{v})\mathcal{W}_{\varphi}^{(v)}(h_{2,v})M_{v}^{*}f^{(v)}(s, h_{1,v})dh_{v}$
,




$\omega_{v}$ (det(h1,$v$ ))M$v*f^{(v)}(s, h_{1,v})\in \mathrm{I}^{mero}(1,\omega_{v};1-s)$
(3.3)
, Jacquet $f\in \mathrm{I}^{J}$ (l, $\omega_{v}^{-1}$ ; $s$ )
- 3.3([SO-1, \S 2]). (i) $P_{v}(0)=1$ $P_{v}(X)\in \mathrm{C}[X]$
:




(ii) $q_{v}^{-s}$ $\epsilon(s, \Pi_{v}\cross\sigma_{v}, \psi_{v})=aq_{v}^{-bs}$ ( $a\in \mathrm{C}^{\mathrm{x}},$ $b$ \in Z) ,
$\frac{\tilde{Z}^{(v)}(s,WW’,f)}{L(1-s,\Pi\vee\cross\sigma_{v}^{\vee})v},=\epsilon(s, \Pi_{v}\mathrm{x}\sigma_{v}, \psi_{v})\cross\frac{Z^{(v)}(s,WW’,f)}{L(s,\Pi v\cross\sigma_{v})}$
,
, $W\in \mathrm{W}\mathrm{h}$ ( $\Pi_{v},$ $\psi$v), $W’\in \mathrm{W}\mathrm{h}(\sigma_{v},$ $\psi$\leftrightarrow , $f\in \mathrm{I}^{J}(1, \omega_{v}^{-1}; s)$
(3.4)
$\Pi_{v},$ $\sigma_{v}$ $\psi_{v}$ , $W^{0}\in$
$\mathrm{W}\mathrm{h}$ ( $\Pi_{v},$ $\psi$v), $W^{\prime 0}\in \mathrm{W}\mathrm{h}$( $\sigma_{v},$ $\psi$v), $f^{(v)}\in \mathrm{I}^{J}(1, \omega_{v}^{-1} ; s)$ , $W^{0}(1_{4})=$
$1,$ $W^{0’}(1_{2})=1,$ $f$0,(v)(s, $1$ ) $=L$(2s, $\omega_{v}^{-1}$ )
$Z^{(v)}(s, W^{0}, W^{\prime 0}, f^{0,(v)})$
$=L(2s, \omega_{v}^{-1})\cross\sum_{k,l\geq 0}W^{0}(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\varpi_{v}^{k+l}, \varpi_{v}^{l}, \varpi_{v}^{-l}, 1))W^{\prime 0}$
( $\mathrm{a}\mathrm{g}(\varpi_{v}^{l},$ $1)$ ) $\omega_{v}(\varpi_{v}^{l})q_{v}^{-(k+2l)s+2(k+l)}$
KatO-Casselman-Shalika ,
$W^{0}( \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\varpi_{v}^{k+l}, \varpi_{v}^{l}, \varpi_{v}^{-k}, 1))=\alpha_{0}^{l}\cross q_{v}^{(-4k-3l)/2}\cross\frac{\sum_{\sigma\in \mathrm{t}\tilde{\mathrm{s}}_{2}}\sum_{\epsilon_{j}=\pm 1}\mathrm{s}\mathrm{g}\mathrm{n}(\sigma)\epsilon_{1}\epsilon_{2}\alpha_{\sigma(1)}^{\epsilon_{1}(k+l+2)}\alpha_{\sigma(2)}^{\epsilon_{1}(k+1)}}{(\alpha_{1}+\alpha_{1}^{-1}-\alpha_{2}-\alpha_{2}^{-1})(\alpha_{1}-\alpha_{1}^{-1})(\alpha_{2}-\alpha_{2}^{-1})}$ ,
$W^{\prime 0}( \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\varpi_{v}^{l}, 1))=q_{v}^{-l/2}\cross\frac{\beta_{1}^{l+1}-\beta_{2}^{\mathrm{t}+1}}{\beta_{1}-\beta_{2}}$.
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, $\Pi_{v},$ $\sigma_{v}$ Satake parameter
$A_{v}=$ diag$(\alpha_{0}\alpha_{1}, \alpha 0\alpha 2, \alpha_{1}^{-1}, \alpha_{2}^{-1})\in GSp(2, \mathrm{C})$ , $B_{v}=$ diag $(\beta_{1}, \beta 2)\in GL(2, \mathrm{C})$
, ,
$Z^{(v)}(s, W^{0}, W^{\prime 0}, f^{0,(v)})=[\det(1_{8}-A_{v}\otimes B_{v}\cdot q_{v}-s)]-1$.
,
$\tilde{Z}$(v)(s, $W^{0},$ $W^{\prime 0},$ $f^{0,(v)}$ ) $=[\det(1_{8}-A_{v}^{\vee}\otimes B_{v}^{\vee.-(1-s)}q_{v})]^{-1}$ ,
, $A_{v}^{\vee},$ $B_{v}^{\vee}$ $\Pi_{v}^{\vee},$ $\sigma_{v}^{\vee}$ Satake parameter ,
$A_{v}^{\vee}=\omega_{\Pi}(\varpi_{v})^{-1}|A_{v}(\sim A_{v}^{-1})\in GSp(2, \mathrm{C})$ , $B_{v}^{\vee}=\omega_{\sigma}(\varpi_{v})^{-1}\cdot B_{v}(\sim B_{v}^{-1})\in GL$ (2, C)
, Whittaker (germ expansion) ,
$L(s, \Pi_{v}\cross\sigma_{v})=[\det(1_{8}-A_{v}\otimes Bv. q_{v}^{-s})]^{-1}$,
$L(s, \Pi_{v}^{\vee}\mathrm{x}\sigma 7)=[\det(1_{8}-A_{v}^{\vee}\otimes B_{v}^{\vee}|q_{v}^{-s})]^{-1}$ ,
$\epsilon(s, \Pi_{v}\cross\sigma_{v}, \psi_{v})=1$
\S 4. ( )
\S 2, 3 , , $Z^{(\infty)}(s, W, W’, f)$
, ,
Whittaker $Z^{(\infty)}$ $(s, W, W’, f)$ ,
$\star$ : [Mo-3, 2.8(1)] $\lceil \mathrm{W}\mathrm{h}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{a}\mathrm{k}\mathrm{e}\mathrm{r}$ $L$
, Whittaker
$Z^{(\infty)}$ $(s, W, W’, f)$ ( , $L$- )
, ,
,
(4.1) Weil group $L$ , \epsilon - .
$\mathrm{R}$ We , $W_{\mathrm{R}}$ :=Cx $\mathrm{C}^{\mathrm{x}},$ $j\subset \mathrm{H}^{\mathrm{x}}$ $W_{\mathrm{R}}$
$L$- , \epsilon -
(i) $\phi_{\mu}^{+},$ $\phi_{\mu}^{-},$ $(\mu\in \mathrm{C})$
$\phi_{\mu}^{+}(z)$ $=|$ z $|^{2}"=|$z $|_{\mathrm{C}}^{\mu}$ , $\phi_{\mu}^{+}(j)$ $=1$ ,
$\phi_{\mu}^{-}(z)$ $=|$z $|^{2}"=|$ z $|_{\mathrm{C}}^{\mu}$ , $\phi_{\mu}^{-}(j)$ $=-1,$
,
$L(s, \phi_{\mu}^{+}):=\Gamma_{\mathrm{R}}(s+\mu)$ $\epsilon$(s, $\phi_{\mu}^{+},$ $\psi_{\infty}$ ) $=1$ ,
$L(s, \phi_{\mu}^{-}):=\Gamma_{\mathrm{R}}(s+\mu+1)$ $\epsilon$ (s, $\phi_{\mu}^{-},$ $\psi_{\infty}$ ) $=\sqrt{-1}$
, $\phi_{\mu}^{+},$ $\phi_{\mu}^{-}$ $GL_{1}$ (R) ,
$\phi_{\mu}^{+}\Leftrightarrow$ [R$\mathrm{x}\ni x\vdasharrow|x|^{\mu}\in \mathrm{C}^{\mathrm{x}}$ ], $\phi_{\mu}^{-}rightarrow$ [R$\mathrm{x}\ni x-\nu|x|^{\mu}\mathrm{s}\mathrm{g}\mathrm{n}(x)\in \mathrm{C}^{\mathrm{x}}$ ],
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(ii) 2 $\phi_{\mu,N}$ : $W_{\mathrm{R}}arrow GL$(2, C) $(\mu\in \mathrm{C}, N\in \mathrm{Z}_{\geq 1})$
$\phi_{\mu}$,N $(re^{\sqrt{-1}\theta})=(\begin{array}{ll}r^{2\mu-N}e^{-\sqrt{-1}N\theta} 00 r^{2\mu-N}e^{+\sqrt{-1}N\theta}\end{array}),$
$\phi$,,N $(j)=(\begin{array}{ll}0 (-1)^{N}\mathrm{l} 0\end{array}),$
,





$\sqrt{-1}=\epsilon$(s, $\phi_{\mu}^{+}$ , $\psi_{\infty}$ ) $\epsilon$ (s, $\phi_{\mu}^{-}$ , $\psi_{\infty}$ ),
$\phi_{\mu_{1}}^{+}\otimes\phi_{\mu_{2}}^{+}\cong\phi_{\mu_{1}+\mu_{2}}^{+}$ , $\phi_{\mu_{1}}^{+}\otimes\phi_{\mu_{2}}^{-}\cong\phi_{\mu_{1}+\mu 2}^{-}$ , $\phi_{\mu 1}^{-}\otimes\phi_{\mu_{2}}^{-}\cong\phi$1$1+\mu 2$ ,
$\phi_{\mu}$,,N1 $\otimes\phi_{\mu_{2}}^{\pm}\cong\phi_{\mu}1+$12,N, , $\phi_{\mu}$1,N1 $\otimes\phi_{\mu 2}$ ,$N_{2}\cong\phi\mu_{1}+$12,N1 $+N2$ $\oplus\phi_{\mu}1+$12-N2,$N_{1}-N_{2}$ if $N_{1}\geq N_{2}$ .
(4.2) $L$ , \epsilon -
$\Pi_{\infty}|_{G_{0}}=D_{(\lambda_{1},\lambda_{2})}\oplus D_{(-\lambda_{2},-\lambda_{1})},$




$\mu 1=\frac{c_{\infty}’+\lambda_{1}-\lambda_{2}-1}{2}$, $N_{1}=\lambda 1-\lambda_{2}-1;$
$\mu 2=\frac{d_{\infty}+\lambda_{1}+\lambda_{2}-1}{2}$ , $N_{2}=\lambda 1+\lambda_{2}-1,$
$\underline{\mathrm{c}\mathrm{a}s\mathrm{e}}$
$(\mathrm{i})$ $\sigma_{\infty}=D_{l}[c_{\infty}^{\prime/}]$ $\sigma_{\infty}|_{SL(}$2,R) Langlands parameter $\phi[\sigma_{\infty}]$
$\phi[\sigma_{\infty}]=\phi_{\mu \mathrm{s}}$ ,N3 $\mu 3=\frac{c_{\infty}’’+l-1}{2}$ , $N_{3}=l-1$ ,
, $\Pi_{\infty}\mathrm{x}\sigma_{\infty}$ $L$- , $\epsilon$- , $(c_{\infty}=d_{\infty}+c_{\infty}’’)$ :
$L(s, \Pi_{\infty}\mathrm{x}\sigma_{\infty})=$[ $\mathrm{c}(s+\frac{c_{\infty}+\lambda_{1}-\lambda_{2}+l-2}{2})$I $\mathrm{c}(s+\frac{c_{\infty}+|\lambda_{1}-\lambda_{2}-l|}{2})$
$\cross\Gamma_{\mathrm{C}}(s+\frac{c_{\infty}+\lambda_{1}+\lambda_{2}+l-2}{2})\Gamma_{\mathrm{C}}(s+\frac{c_{\infty}+|\lambda_{1}+\lambda_{2}-l|}{2})$ ,




case (ii) $\sigma_{\infty}=\mathrm{I}\mathrm{n}\mathrm{d}_{\mathrm{B}_{\mathrm{R}}}^{GL(2)_{\mathrm{R}}},(\epsilon 1, \epsilon_{2}; c_{\infty}^{\prime/}, \nu)$ : $\sigma_{\infty}$ Langlands parameter $\phi[\sigma_{\infty}]$
$\phi[\sigma_{\infty}]=\phi_{\mu}^{\epsilon}$1$3\oplus\phi_{\mu}^{\epsilon}$1 $\mu 3=\frac{c_{\infty}’’+\nu}{2}$ , $\mu 4=\frac{c_{\infty}’’-\nu}{2}$ ,
, , $\Pi_{\infty}\mathrm{x}\sigma_{\infty}$ L- , $\epsilon$- , :
$L(s, \Pi_{\infty}\mathrm{x}\sigma_{\infty})=\Gamma_{\mathrm{C}}(s+\frac{c_{\infty}+\lambda_{1}-\lambda_{2}+\nu-1}{2})\Gamma_{\mathrm{C}}(s+\frac{c_{\infty}+\lambda_{1}-\lambda_{2}-\nu-1}{2})$
$\cross\Gamma_{\mathrm{C}}(s+\frac{c_{\infty}+\lambda_{1}+\lambda_{2}+\nu-1}{2})\Gamma_{\mathrm{C}}(s+\frac{c_{\infty}+\lambda_{1}+\lambda_{2}-\nu-1}{2})$ ,
$\epsilon$ (s, $\Pi_{\infty}\cross\sigma_{\infty}$ , $\psi_{\infty}$ ) $=1.$
(4.3) $Z^{(\infty)}(s, W, W’, f)$ .
$c_{\infty}=0$ ,
$\tilde{Z}$ (\sim ) $(s, W, W’, f_{\Phi_{m}})=Z^{(\infty)}(1-s, W, W’, f_{m}\wedge\wedge)$
, ,
$Q(s) \equiv Q(s;W, W’, f):=\frac{Z^{(\infty)}(s,W,W’,f)}{L(s,\Pi\infty\cross\sigma_{\infty})}$
, $Q(s)=Q(1-s)$ , $Z^{(\infty)}$ ($s,$ $\mathcal{W}$r, $W’,$ $f$ )
( , Barnes’ Lemma ) :
4.1. $\alpha_{i}\in \mathrm{C}(1\leq i\leq 6),$ $\alpha_{2}+\alpha_{5}=2$
$Z^{(\infty)}$ ( $s;\alpha$b. .. , $\alpha$6)
$= \int_{0}^{\infty}d^{\mathrm{x}}y_{1}\int_{0}^{\infty}d^{\mathrm{x}}y_{2}e^{-2\pi y1}\int$ ds1 $\int ds_{2}(4\pi^{3}y_{1}^{2}y_{2})^{(-s_{1}+\alpha_{1})/2}(4\pi y_{1})^{(-}s1+\alpha_{2})/2$
$\cross$ r $( \frac{s_{1}+s_{2}+\alpha_{3}}{2})\Gamma(\frac{s_{1}+s_{2}+\alpha_{4}}{2})\Gamma(\frac{s_{1}}{2})\Gamma(-\frac{s_{2}}{2})\cross$ m(s1)
$\cross\{e^{2\pi y1}\int ds_{3}(4\pi y_{1})^{-s_{3}}\frac{\Gamma(s_{3}+(\nu+1)/2)\Gamma(s_{3}+(-\nu+1)/2)}{\Gamma(s_{3}+\alpha_{5}/2)}\}$
$\cross y1s-2$y$22s-2\cross\Gamma_{\mathrm{R}}(2s+\alpha_{6})$
, ${\rm Re}(s)>>0$ :
$\pi^{-4s+4-\alpha_{6}/2}2^{-2s+4}$I $(s+ \frac{\alpha_{1}-2}{2})\Gamma(s+\frac{\alpha_{6}}{2})m(2s+\alpha 1-2)$
$\cross\Gamma(s+\frac{\alpha_{1}+\alpha_{2}+\alpha_{3}+\nu-3}{2})\Gamma(s+\frac{\alpha_{1}+\alpha_{2}+\alpha_{4}+\nu-3}{2})$
$\cross\Gamma(s+\frac{\alpha_{1}+\alpha_{2}+\alpha_{3}-\nu-3}{2})\Gamma(s+\frac{\alpha_{1}+\alpha_{2}+\alpha_{4}-\nu-3}{2})$
$\cross$ r(2s $+ \alpha 1+\alpha 2+\frac{\alpha_{3}+\alpha_{4}}{2}-$ 3)-1.
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–Case(ii):W\in Wh( \infty , $\psi_{\infty}$ ) , $D(-\lambda_{2},-\lambda_{1})$ K-
$(k-\lambda_{1}, -k-\lambda_{2})$ $v_{k}$ , [O], [Mo-4] ,
$W(y_{1}, y_{2})=e^{-2\pi y1} \int ds_{1}\int$ ds2 $(4\pi^{3}y_{1}^{2}y_{2})^{(-s_{1}+\alpha_{1})/2}(4\pi y_{1})^{(-s_{1}+\alpha_{2})/2}$
$\cross$ I $( \frac{s_{1}+s_{2}+\alpha_{3}}{2})\Gamma(\frac{s_{1}+s_{2}+\alpha_{4}}{2})\Gamma(\frac{s_{1}}{2})\Gamma(-\frac{s_{2}}{2})\cross(s_{1})_{k}$
with
$\alpha_{1}=\lambda_{1}+1-k,$ $\alpha_{2}=\lambda_{2}+k,$ $\alpha_{3}=-2\lambda_{2}+1,$ $\alpha_{4}=1$ .
, $W’$ $\lambda_{2}+k,$ $f$ (s; $y_{1},$ $y_{2}$ ) $\lambda_{1}-k$
,
$W’(y_{1})$ $=e^{2\pi y1} \int$ ds3 $(4 \pi y_{1})^{-s_{3}}\frac{\Gamma(s+(\nu+1)/2)\Gamma(s+(-\nu+1)/2)}{\Gamma(s_{3}+\alpha_{5}/2)}$ with $\alpha_{5}=2-\alpha_{2}$ ,
$f(s;y_{1}, y_{2})=y_{1}^{s-2}y_{2}^{2s-2}\Gamma_{\mathrm{R}}(2s+\alpha_{6})$ with $\alpha_{6}=|\lambda_{1}-k|$ .
, $Q(s)=1$ . ,
, Eisensetin possible pole
–Case(i) $\mathit{1}\leq\lambda_{1}$ , Case (ii) $l\geq\lambda_{1}$ ,
$\mathrm{G}_{\mathrm{R}}$ Whittaker K-
$\neq 0$ , K- $(\in\Pi,)$
, $\mathrm{G}_{\mathrm{R}}$
$\mathfrak{g}_{\mathrm{C}}$ $X(1,-1),$ $X(-1,-1)$
$X_{(1,-1)}:=(\begin{array}{lllll} 1 -i-1 -i i i -1 1\end{array})’$. $X_{(-1,-1)}:=(\begin{array}{llll} 1 -i1 -i -i -i -1 -1\end{array})-$ ,
, $X(0,-2):=[X_{(1,-1)}, X_{(-1,-1)}]$ , $Sp(2, \mathrm{R})$ ( )
Cartan
, $W\in \mathrm{W}\mathrm{h}(\Pi_{\infty}, \psi\infty)$ , $W’\in \mathrm{W}\mathrm{h}(\sigma_{\infty},\psi\infty)$
$W(g;X(1,-1))=0$, $W’(h;X(0,-2))=0$ ,
, $q_{1},$ $q_{2},$ $n\in \mathrm{Z},$ $n$ \geq 0 ,
$W(g(r_{\theta_{1}},r_{\theta_{2}}))=\exp$ ( $2\pi\sqrt{-1}($q1 $\theta 1+q2\theta$2))W(g), $\forall g\in \mathrm{G}_{\mathrm{R}},\forall\theta_{i}\in \mathrm{R}$
$W’(h_{2}r_{\theta_{2}})=\exp(2\pi\sqrt{-1}((-q_{2}+n)\theta_{2}))W’(h_{2})$ , $\forall$h$2\in GL(2)_{\mathrm{R}},\forall\theta_{2}\in \mathrm{R}$
, $r_{\theta}=(\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}\theta \mathrm{s}\mathrm{i}\mathrm{n}\theta-\mathrm{s}\mathrm{i}\mathrm{n}\theta \mathrm{c}\mathrm{o}\mathrm{s}\theta\end{array})$
4.2. , $f\in \mathrm{I}^{J}(1, \omega^{-1}; s)$
$f(s, h_{1}r_{\theta_{1}})=\exp(2\pi\sqrt{-1}((-q_{1}+n)\theta_{1}))f(s, h_{1})$, $\forall$h$1\in GL(2)_{\mathrm{R}}$ , $\forall\theta_{1}\in \mathrm{R}$
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.$\cdot$
$Z^{(\infty)}(s, W(\cdot ; (X_{(-1,-1)})^{n}),$ $W’,$ $f)$
$= \int_{0}^{\infty}d^{\cross}y1$ $\int_{0}^{\infty}d^{\mathrm{x}}$ y2$W(y)W’$ (diag$(y_{1},1)$ ) $f$ ( $s,$ $\mathrm{d}\mathrm{i}$ag$(y_{1}y_{2},$ $y_{2}^{-1})$ ) $(-4\pi\sqrt{-1}y_{2})^{n}(y_{1}y_{2})^{-2}$
, $y=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(y_{1}y_{2}, y1, y_{2}^{-1},1)\in \mathrm{G}_{\mathrm{R}}$
Proof. , $X(1,-1)+X(-1,-1)\in \mathrm{L}\mathrm{i}\mathrm{e}(\mathrm{N}_{\mathrm{R}})\otimes \mathrm{C}$ ,
$(-4\pi\sqrt{-1}y_{2})^{n}W(y)=W(y;(X_{(1,-1)}+X_{(-1,-1)})^{n})$
,
$rhs$ . $= \sum_{i_{1},\cdots,i_{n}=\pm 1}\int_{0}^{\infty}d^{\mathrm{x}}$y1 $\int_{0}$
”
$d^{\mathrm{x}}y_{2}W(yjX_{(i_{n’}-1)}\cdots X_{(i_{2\prime}-1)}\cdot X_{(i_{1},-1)})$
$\cross W’$ (diag($y_{1}$ , $1$ )) $f$ ( $s$ , diag$(y_{1}y_{2}$ , $y_{2}^{-1})$ ) $(y_{1}y_{2})^{-2}$
, $arrow i=(i1, i_{2}, \cdots, i_{n})\neq(-1, -1, \cdot\cdot\downarrow, -1)$ $\mathrm{A}\mathrm{a}$ $($
$W$ $W’$ ) $\text{ }arrow i$ $\neq(-1, -1, \cdots, -1)$
$arrow i$
$i_{p}=1$ $1\leq p\leq n$ , $p$
$p=1$ ,
$W(y;X_{(i_{n},-1)}l\cdot$ $\circ\circ\circ$ X( ,-y1 $X_{(i_{1},-1)}$ ) $=0$
, $p\geq 2$
X(in,-y $\circ\circ\circ$ X( ,-y $\circ$ X(il,-l)
$=X(in^{-1)},\cdots X_{(i_{\mathrm{p}+1\prime}-1)}\cdot X_{(1,-1)}|(X_{(-1,-1)})^{p-1}$
$=X(in’-1)$ $\ldots X(i_{p+1},-1)$ $(X_{(-1,-1)}\cdot X_{(1,-1)}+X_{(0,-2)})\cdot(X_{(-1,-1)})^{p-2}$
$=X(in,-1)$ $\ldots X(i_{\mathrm{p}+1},-1)$ . $X(-1,-1)$ . $X(1,-1)$ $(X_{(-1,-1)})^{p-2}$
$+$ X(0,-2). $X_{(i_{n},-1)}\cdots X_{(i_{p+1,}-1)}$ $(X_{(-1,-1)})^{p-2}$
, 2 $\mathrm{G}_{\mathrm{R}}$ $M_{J}^{+}$
$M_{J}^{+}:=\{m=(m_{1}, m_{2})\in \mathrm{G}_{\mathrm{R}}|m_{1}= (y_{1}y_{2} y_{2}^{-1}), y_{i}>0,m_{2}\in GL^{+}(2, \mathrm{R})\}$
,
$\int_{0}^{\infty}d^{\mathrm{x}}y_{1}\int_{0}^{\infty}d^{\mathrm{x}}y_{2}W(y;X_{(0,-2)}\cdot X_{(i_{n},-1)}\cdots X_{(i_{p\dagger 1},-1)}\urcorner(X_{(-1,-1)})^{p-2})$




m $W(m;X_{(0,-2)}\cdot X_{(i_{n’}-1)}\cdots X_{(i_{\mathrm{p}+1,}-1)}\urcorner(X_{(-1,-1)})^{p-2})$
$\cross W’(m_{2})f(s,m_{1})\cross(y_{1}y_{2}^{2})^{-1}$
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$= \int_{\mathrm{Z}_{\mathrm{R}}(M_{J}^{+}\cap \mathrm{N}_{\mathrm{R}})\backslash M_{J}^{+}}dmW(m;X_{(i_{n},-1)}\cdots X_{(i_{p+1},-1)}, (X_{(-1,-1)})^{p-2})$
$\cross$ W’(m2;-X(0,-2)) $f(s, m_{1})(y_{1}y_{2}^{2})^{-1}$ ,
, $W’(m_{2};-X(0,-2))=0$
, $(q_{1}, q_{2})=(-\lambda_{2}, -\lambda_{1}),$ $-q_{2}+n=l$ , $Q(s)=1$
, ,
. Basic identity
[Bu] , $\iota$ : $GL(2)arrow+\mathrm{G}$
$\iota(\gamma)=(\begin{array}{lllll}\mathrm{d}\mathrm{e}\mathrm{t}(\gamma)- a - b c 1 d\end{array})’$. $\gamma=(\begin{array}{ll}a bc d\end{array})\in GL(2)$
, :
4.3.
$\int_{k\backslash \mathrm{A}_{k}}F(n(0, x_{1},0,0)g)dx_{1}=\sum_{\gamma\in \mathrm{N}_{k}’\backslash GL(2)_{k}}\mathcal{W}_{F}(\iota(\gamma)g)$ .
Proof. (x0, $x_{2}$ ) $\in(k\backslash \mathrm{A}_{k})^{2}$ $h$
$h(x_{0}, x_{2}):= \int_{\mathrm{A}_{k}/k}F(n(x_{0}, x_{1}, x_{2},0)g)dx_{1}$
,
$rhs$ .
$= \sum_{\gamma\in \mathrm{Q}_{k}\backslash GL(2)_{k}}\sum_{\delta\in k^{\mathrm{x}}}\mathcal{W}$
F(diag(\mbox{\boldmath $\delta$}, $\delta$, $1,1)\iota(\gamma)g$)
$= \sum_{\gamma\in \mathrm{Q}_{k}\backslash GL(2)_{k}}\int_{(\mathrm{A}_{k}/k)^{3}}dx_{1}dx_{2}dx_{0}F(n(x_{0}, x_{1}, x_{2},0)\iota(\gamma)g)\psi$(x0)
$= \sum_{\gamma\in \mathrm{Q}_{k}\backslash GL(2)_{k}}\int_{(\mathrm{A}_{k}/k)^{2}}h(x_{0}’, x_{2}’)\psi(x_{0})dx_{0}dx_{2}$
$= \sum_{\gamma\in \mathrm{Q}_{k}\backslash GL(2)_{k}}\int_{(\mathrm{A}_{k}/k)^{2}}h(x_{0}’, x_{2}’)\psi(dx_{0}’-cx_{2}’)dx_{0}dx_{2}$
$= \sum_{(\mathrm{c},d)\in k^{2},(c,d)\neq(0,0)}\int_{(\mathrm{A}_{k}/k)^{2}}h(x_{0}’, x_{2}’)\psi(dx_{0}’-cx_{2}’)dx_{0}dx_{2}=lhs$ .
, 2 [M0-2, 9] , 3 $\mathrm{G}_{k}$
, $x_{0}’= \frac{ax_{0}+cx_{2}}{ad-bc},$ $x_{2}’= \frac{bx_{0}+dx_{2}}{ad-bc}$ . $\square$
, $\mathrm{P}:=\mathrm{H}\cap$ $(\mathrm{B}’\cross GL(2))$ ,
$\mathrm{P}_{k}\mathrm{Z}_{\mathrm{A}_{k}}\backslash \mathrm{H}_{k}\mathrm{Z}_{\mathrm{A}_{k}}\cong \mathrm{P}_{k}\backslash \mathrm{H}_{k}\cong \mathrm{B}_{k}’\backslash GL(2)_{k}$
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,
$Z$ ( $s,$ $F\otimes$ p, 7)
$= \int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{H}_{k}\backslash \mathrm{H}_{\mathrm{A}_{k}}}dhF(h)\varphi(h_{2}),\sum_{\gamma_{1}\in \mathrm{B}_{k}\backslash GL(2)_{k}}f(s,\gamma_{1}h_{1})$
$= \int_{\mathrm{P}_{k}\mathrm{Z}_{\mathrm{A}_{k}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}dhF(h)\varphi(h_{2})f(s, h_{1})$
$= \int_{\mathrm{P}_{k}(\mathrm{N}’\mathrm{x}1)_{\mathrm{A}_{k}}\mathrm{Z}_{\mathrm{A}_{k}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}dh\int_{\mathrm{P}_{k}\mathrm{Z}_{\mathrm{A}_{k}}\backslash \mathrm{P}_{k}(\mathrm{N}’\cross 1)_{\mathrm{A}_{k}}\mathrm{Z}_{\mathrm{A}_{k}}}dn’F(n’h)(\varphi\cdot f)(s, n’h)$
$= \int_{\mathrm{P}_{k}(\mathrm{N}’\mathrm{x}1)_{\mathrm{A}_{h}}\mathrm{Z}_{\mathrm{A}_{k}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}dh\int_{k\backslash \mathrm{A}_{k}}dx_{1}F(n(0, x_{1}, 0, 0)h)\varphi(h_{2})f(s, h_{1})$
,
$= \int_{\mathrm{P}_{k}(\mathrm{N}’\mathrm{x}1)_{\mathrm{A}_{k}}\mathrm{Z}_{\mathrm{A}_{k}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}dh\sum_{\gamma\in \mathrm{N}_{\acute{k}}\backslash GL(2)_{k}}\mathcal{W}_{F}(\iota(\gamma)h)\varphi(h_{2})f(s, h_{1})$
$= \int_{(\mathrm{H}\cap(\mathrm{B}’\cross \mathrm{B}’))_{k}(\mathrm{N}’\mathrm{x}1)_{\mathrm{A}_{k}}\mathrm{Z}_{\mathrm{A}_{k}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}dh\mathcal{W}_{F}(h)\varphi(h_{2})f(s, h_{1})$
$= \int_{\mathrm{Z}_{\mathrm{A}_{k}}\mathrm{N}_{\mathrm{A}_{k}}^{\mathrm{H}}\backslash \mathrm{H}_{\mathrm{A}_{k}}}dh\int_{\mathrm{N}_{k}’\backslash \mathrm{N}_{\acute{\mathrm{A}}_{k}}}dn\mathcal{W}_{F}((1, n’)h)\varphi(h_{2})f(s, h_{1})$
$=rhs.$
REFERENCES
[B-H] B\"OCHERER, S. AND HEIM, B., $L$ -functions on $\mathrm{G}\mathrm{S}\mathrm{p}_{2}\cross \mathrm{G}1_{2}$ ofmixed weights., Math. Z. 235 (2000),
11-51.
[Bu] BUMP, D., The Rankin-Selberg method: a survey. Number theory, $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ formulas and discrete
groups, 49-109, Academic Press, (1989).
[F] FURUSAWA, M., On $L$-functions for $\mathrm{G}\mathrm{S}\mathrm{p}(4)\mathrm{x}\mathrm{G}\mathrm{L}(2)$ and their special values., J. Reine Angew. Math.
438 (1993), 187-218.
[H] HEIM, B., Pullbacks of Eisenstein series, Hecke-Jacobi theory and autornorphic L-functions. Auto
morphic forms, automorphic representations, and arithmetic (Fort Worth, $\mathrm{T}\mathrm{X}$ , 1996), 201-238, Proc.
Sympos. Pure Math., 66 Part 2, Amer. Math. Soc., Providence, $\mathrm{R}\mathrm{J}$ , 1999.
[Is] ISHII, T., On principal series Whittaker functions on $Sp(2,\mathrm{R})$ , preprint (2002).
[Is-Mo] ISHII, T. AND MORIYAMA, T., Spinor $L$ -functions for generic cusp forrns on $GSp(2)$ belonging
to principal series representations (tentative), in preparation.
[J] JACQUET, H., Automorphic forms on $GL(2)$ , Lecture Notes in Mathematics 278, Springer-Verlag
(1972).
[J-S] JACQUET, H. AND SHALIKA, J. $\mathrm{A}$ , On Euler products and the classification of automorphic rep-
resentations. I., Amer. J. Math. 103 (1981), 499-558.
[Mi-Ol] MIYAZAKI, $\mathrm{T}$ AND ODA, T., Principal series Whittaker functions on Sp$($2; $R)$ . $II.$ , Tohoku
Math. J. (2) 50 (1998), no. 2, 243-260.
[MO-1] MORIYAMA, T., A remark on Whittaker functions on Sp$(2, \mathbb{R})$ , J. Math. Sci. Univ. Tokyo 9
(2002), no. 4, 627-635.
[M0-2] MORIYAMA, T., $Sp(2, \mathrm{R})$ Whittaker Novodvorsky In:
)’ , 1281 (2002), 1-13
[M0-3] MORIYAMA, T., $L$-functions attached to non-holornorphic Siegel modular forms of degree 2 In:
, 1319 (2003), 174-182.
39
[M0-4] MORIYAMA, T., Entireness of the Spinor $L$ -functions for certain generic cusp forms on $GSp(2)$ ,
to appear in the American Journal of Mathematics.
[Ni-2] NIWA, S., Commutation Relations of Differential operators and Whittaker Functions on $Sp_{2}(\mathrm{R})$ ,
Proc. Japan Acad. 71 Ser A. 189-191, (1995).
[No] NOVODVORSKY, M. E. : Automorphic $L$-functions for symplectic group $GSp(4)$ . Proc. Sympos.
Pure Math. 33 Part 2, 87-95, (1979).
[O] ODA, T., An explicit integral representation of Whittaker functions on $Sp(2, \mathrm{R})$ for large discrete
series representations, T\^ohoku Math. J. 46, 261-279 (1994).
[SO-1] SOUDRY, D., The $L$ and $\mathrm{y}$ factors for generic representations of $GSp(4, k)\mathrm{x}GL(2, k)$ over a local
non-Archimedean field $k.$ , Duke Math. J. 51, 355-394, (1984).
[S0-2] SOUDRY, D.,On the Archimedean theory of Rankin-Selberg convolutions for $\mathrm{S}\mathrm{O}_{2l+1}\cross \mathrm{G}\mathrm{L}_{n}.$ , Ann.
Sci. Ecole Norm. Sup. 28161-224 (1995).
DEPARTMENT OF MATHEMATICS, SOPHIA UNIVERSITY, 7-1 KIOI-CHO, CHIYODA-KU, TOKYO, 102-
8554 JAPAN
$E$-mail address: moriyama(Omm.sophia. $\mathrm{a}\mathrm{c}.\mathrm{j}\mathrm{p}$
